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Abstract 

We consider a modification of the Heisenberg algebra with the non- vanishing commutator of scalar field op- 
erators. We then identify the scalar field with the second quantized inflaton fluctuation and calculate effects 
of microcausality violation on the temperature anisotropy of cosmic microwave background radiation. 



In the local relativistic invariant quantum field theory (in fiat Minkowski space-time) micro- 
causality is encoded in the equal time commutator, 

[0(f,t),0(y,t)] = O, (1) 

of a Heisenberg field operator (f>(x). The non- vanishing right hand side of besides the violation 
of microcausality, might cause violation of locality and relativistic invariance. In curved space- 
time the situation is more complicated. The background metric breaks relativistic invariance and 
also the notion of locality is lost. Nevertheless, microcausality can still hold 0}. Heuristically, 
this can be understood by recalling the basic property of the (pseudo)Riemannian geometry. In 
the small vicinity of any point of a curved manifold the space-time can be treated as being ap- 
proximately Minkowskian, and thus the condition (Q]) applies at small scales. However, one can 
envisage the situation when the notions of microcausality, locality and relativistic invariance hold 
only approximately at large distances, and are violated at small distances. Whether the above 
notions are indeed the basic properties of nature must be ultimately verified by experiments. In 
principle, miniscule quantum effects can be detected in astronomical observations on temperature 
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anisotropics of the cosmic microwave background (CMB) radiation, providing our universe has 
undergone a period of rapid inflationary expansion at early stages of its evolution. During the in- 
flationary era large-amplitude, small-scale quantum fluctuations of an inflaton field are stretched 
over the large macroscopic distances due to the rapid expansion. These quantum fluctuations are 
imprinted in the CMB. Therefore, one can hope to extract valuable information on quantum dy- 
namics of the inflaton field by studying CMB temperature anisotropics. 

In this paper we would like to consider non-trivial commutator of fields (and thus violation of 
microcausality), 

[(p(x,7]),(j)(y,7])} = ——fj, 2 f(x-y) , (2) 
a z (r]) 

in expanding conformally flat space-time with the metric, 

ds 2 = a 2 {r]){dr] 2 - dx 2 ) . (3) 

In © f{%— y) is an odd function of its argument, f(x — y) = —f(y — xj^, and /x is some parameter 
with a dimension dim[0] — dim[/]/2. Since f(x — y) is the odd function, the commutator © does 
not preserve rotational invariance. Apart from the modified commutator in ©, we also have the 
standard commutators, 

[<f)(x, r?) , 7r(y, T))] = -r^5(£ - y) , (4) 
a{rj) 

and, 

[n(x,r]),Tc(y,7])} = , (5) 

where ir(x) is the operator of canonical momentum. Now observe that the above pair of operators 
((j>(x), vr(x)) with the deformed Heisenberg algebra ©, ©, ©, can be mapped onto the canonical 
pair (ip(x), rc(x)) with the ordinary Heisenberg algebra, through the following relation, 

(j>{x) = X/J(X) -£J f(x--07r£ V )d 3 £. (6) 

Note that when considering (0, tc) as a canonical pair, the usual Lagrangian gets modified corre- 
spondingly. We do not need the exact form of this new Lagrangian here, because all correlators 
can be expressed through the correlators of the standard canonical pair (ip, it) through the mapping 
©. We also assume that the classical background solution holds in such a new theory. We identify 
(f)(x, rj) with the second-quantized fluctuation of an inflaton field and are interested in computing 
two-point function (O|0(x, r])(f)(y, rj)\0) using the map ©. The power spectrum corresponding to 
this correlator essentially describes cosmological perturbations which are observed through the 
CMB temperature fluctuations 0. Since the field ip is the standard quantum inflaton field, we 
have, 

d 3 k 

" '' a(r/)(27r)3 ' 



il>(x) = I u k {i])e ik - s a k + u* k (r])e- ik - £ a] 



(7) 



'The dependence of / on x — y is because we have assumed that spatial translations are preserved. 
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and 



7TIX 



d(aip) 
drj 



(aip)' 



where a k (a fc ) are the annihilation (creation) operators, 

[a k ,aj] = (2n) 3 6(k~p) , a k \0) = . 
The mode function ^(77) satisfies the equation of motion, 



(8) 



(9) 



a, 2 n 2 7 2 u 

% + = 0, ^ fc = fc 



(10) 



where the scale factor during the inflationary era a(r)) = —1/rjH (and thus, a" /a ~ 2/rf) and 
the expansion rate H is (nearly) 77-independent. With the initial conditions taken as Uk{r)i) = 



1 / a/2cj kijli) ~ 1 / v2/c and -u' fc (^) = z y/u k {r]i)/2 « z \fkj2 the solution of eq. (flOl) for the modes 
of astrophysical interest within the horizon, >> |aif | ~ 1/M ) reads, 

u k (v) = ■ 



and, correspondingly, 



'2Jfe 
ike -ik( v - m ) 



krj 



2k 



1 - — 



(11) 



(12) 



Now, using the relation ©, we obtain for the non-standard quantum inflaton fluctuation, 



x 



uM - ^{2^F{k)u ! M 



+ ( ul( V ) - ^f'F^ui^) ) e-*V 



where F(fc) is the Fourier image of f(x), F{k) = J ( J K y i / 2 f{x)e %k ' x . The 
then takes the form: 



(13) 

two point function 



<O|0(x,77)0(y,77)|O> 



a 2 (rj) 



u k ( V ) - ^{2^F{k)u'M 



sin(Ar) 



kdk 



where r = \x — y\. From the above eq. (fT4)) we extract the power spectrum: 
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a? (77) 



u k ( V ) - ^(2n)^F(k)u' k ( V ) 



(14) 



(15) 



Note that the power spectrum depends on the vector k through F(k), which indicates that the 
rotational invariance is broken alongside with the violation of microcausalityLl The ordinary rota- 
tionally invariant spectrum P^,(k) = ^"2^ is obtained from (fT5l) in the limit fj, — > 0. Taking the 



2 Recently, there were a number of studies of spatially anisotropic CMB temperature fluctuations, motivated by an 
anisotropic inflation involving background vector Q, |4] (see also |5|) or spinor [7] fields, anisotropic dark energy 
O, cosmological magnetic field (H or space-time noncommutativity iflOl . In the later case causality is also violated. 
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limit \krj\ « 1| (which is the case at the end of inflation) in (fT5l) and evaluating P<f>(k) for the 
mode k which crosses the horizon, i.e. when a(r])H = k, say for r] = i] , we compute the power 
spectrum of the scalar metric perturbations (in the conformal Newtonian gauge): 



16nG 



9e 



!QnG N H 2 



k=a(r) )H 9e 2k 3 



,2„3 T?(h,\i„2 



, (16) 

fc=a(r)o)-H" 



where is the Newton's constant and e is the slow-roll parameter. Finally, given the above power 
spectrum, we determine statistical properties of the CMB temperature fluctuations ^f(n) in a given 
direction of the unit vector n. It is customary to decompose the temperature fluctuations that we 
observe in spherical harmonics, 

ST 

jT(^) = ^airrXlmin) . (17) 
Im 

The statistical properties of the temperature fluctuations are encoded in the second order corre- 
lators, which are expressed through the primordial power spectrum (fT6l) and radiation transfer 
functions A/(/c)|^]as, 

Cw ram' = ( a lmO'l'm') = @ ll'mm' + ^Wrnrn! + ^ ll'mm' ' (^) 

where, 

16G N H 2 f 2 & 

Gll'mm' — 7i Ou'O mm i / A z (/cJ— , (19) 

9e J k 

is the ordinary isotropic correlator of the scale-invariant perturbations, and the last two terms are 
anisotropic contributions, coming from the violation of microcausality /rotational invariance, 

CSL, = ^^vry H)<-<' J Mk)A v (k)Re (e~^F(k)) YC m {k/k)Y Vm ,{k/k) d ^- , (20) 
and 

cSLf = ^^yH)"' j A,(*)M*) \F^\; m (k/k)Y l>ml (k/k)kd 3 k , (21) 

The eqs. (|20l) and (12TT) represent generic corrections of the order fi 2 and fi 4 , respectively. Both of 
this contributions are determined through the a priory unknown function F{k). Obviously, from 
the phenomenological point of view, there are many choices for this function and different choices 
will lead to different results. As an explicit example (and for the sake of simplicity), we consider 



3 Here we assume that in the regime where the transfer functions are effective, the effects of microcausality and 
rotational symmetry violation are negligible. Therefore A;(fc) depends on modulus k only. 
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here f(x — y) = 5{x l — y 1 )5{x 2 — y 2 )5'(x 3 — y 3 ) in a coordinate system of the CMB observation. 
With this choice we have a residual x 1 — x 2 planar symmetry. The Fourier transform readsB 



F(k) 



(2tt) 3 / 2 



kcosO 



(22) 



Substituting (1221) into (1201) and performing angular integration, we obtain for the anisotropic parity- 
odd contribution, 



,,,,, KiC/'y// 2 /'- '' 2 a 2 . , 1 x 



9e 4 



e 



ll'mm' <J mm' 



(/ + l) 2 -m 2 



^2 — jjj 

(2/ + l)(2/ + 3) W + V4F^T 5 

Similar computations give for the parity-even contribution (121) : 

16G N H 2 vrV 



(i-i)i' 



(23) 



Xiv 



ll'mm 1 



mm u mm' 



9e 



^i{k)A v {k)k A dk 



((/+l) 2 -m 2 ) (/ 2 -m 2 ) 



(2/ + l)(2/ + 3) (2/-l)(2/ + r 



+ 



((/ + l) 2 -m 2 )((/ + 2) 2 -m 2 ) 
(2/ + l)(2/ + 3) 2 (2/ + 5) 



8(1+2)1' + 



'(/ 2 -m 2 )((/- l) 2 -m 2 ) 
(2/-l)(2/ + l) 2 (2/ + 3) 



(24) 



In conclusion, we have considered the effects of microcausality violation in quantum inflaton field 
on the CMB. Microcausality violation described by the non-standard commutator © is supple- 
mented by the violation of the rotational invariance. As a result, the ordinary isotropic and (nearly) 
scale-invariant primordial perturbations receive anisotropic and scale non-invariant corrections. 
These corrections modify statistical properties of the CMB temperature fluctuations as described 
by eqs. (l23l) and (T24l) for the explicit case of the microcausality violation considered in this paper. 
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4 If we take, e.g. f(x — y) = S(x 1 — y 1 )S(x 2 — y 2 )sgn(x 3 — y 3 ) instead, we obtain F(k) = 2 i/ 2 Vj/2 %r- In this 
case the effects are enhanced at large scales, i.e. for modes with small fc3. It would be interesting to see, whether 
such infrared effects could mimic late time (anisotropic) acceleration of the universe through the backreaction on the 
background metric. 
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